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Excitation of a model photosynthetic molecular aggregate by incoherent sunlight is systematically
examined. For a closed system, the excited state coherence induced by the sunlight oscillates with
an average amplitude that is inversely proportional to the excitonic gap, and reaches a stationary
amplitude that depends on the temperature and coherence time of the radiation field. For an
open system, the light-induced dynamical coherence relaxes to a static coherence determined by
the non-canonical thermal distribution resulting from the entanglement with the phonon bath. The
decay of the excited state population to the common ground state establishes a non-equilibrium
steady-state flux driven by the sunlight, and it defines a time window to observe the transition
from dynamical to static coherence. For the parameters relevant to photosynthetic systems, the
exciton dynamics initiated by the sunlight exhibits a non-negligible amount of dynamical coherence
(quantum beats) on the sub-picosecond timescale; however, this sub-picosecond time-scale is long
enough for light-harvesting systems to establish static coherence, which plays a crucial role in efficient
energy transfer. Further, a relationship is established between the non-equilibrium steady-state
induced by the sunlight and the coherent dynamics initiated from the ground state by a laser
δ-pulse, thereby making a direct connection between incoherent sunlight excitation and ultrafast
spectroscopy.
I. INTRODUCTION
Recent developments in 2D electronic spectroscopy
(2DES) of molecular aggregates have demonstrated the
presence of coherent dynamics in the electronic degrees
of freedom (DOF), known as electronic coherence, as
opposed to the expected incoherent hopping dynam-
ics. 2DES was first used in the Fleming group to mea-
sure long-lived oscillations in the Fenna-Matthews-Olson
(FMO) photosynthetic pigment-protein complex, which
reveals the presence of long-lived electronic coherence [1].
This has led to a heated debate about its importance to
the efficiency of the excitonic energy transfer in photo-
synthesis in general. Since then, long-lived coherence has
been reported in many other systems [1–3] . The term
quantum coherence, generally used to describe the off-
diagonal elements of the density matrix in the exciton
basis, can be associated with several physical phenom-
ena. It is particularly important here to distinguish be-
tween a static coherence that remains constant for long
times and corresponds to stationary effects in equilibrium
states or non-equilibrium steady states (e.g., localization
and entanglement with the bath), and a dynamical co-
herence, which is a transient effect associated with the
time-evolution of the superposition of eigen states. The
latter is related to the recently discovered quantum beats
in 2DES measurements, which can be quantified as tran-
sient oscillations in the coherence term. The issue of
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sunlight-induced coherence refers to the ’dynamic coher-
ence’ associated with the quantum beats; whereas the
entanglement with the phonon or photon bath leads to
’static coherence’ associated with non-canonical thermal
distributions.
One of the important questions in this discussion is
whether electronic coherent dynamics can be initiated
by natural sunlight [4, 5]. In 2DES or pump-probe ex-
periments, molecules are excited by ultra-short femtosec-
ond laser pulses which lead to a pure quantum state –
generally in the form of a superposition of several lo-
cally excited states. On the other hand, natural thermal
light is incoherent: In the semi-classical picture, it can
be described as uncorrelated noise that leads to an ex-
citation of populations, but not necessarily coherence.
In the quantum picture, it was argued that the arrival
of photons does not have to be localized at a particular
time nor have a well-defined phase – the thermal light
behaves more like a dissipative quantum bath at high
temperature with a very short coherence time (< 10 fs).
Although there have been many models of the incoherent
light excitation [4, 5], the exact quantum description of
the light, as well as a thorough analysis of its properties
over a broad range of parameters, is still not available.
This article aims to fill this gap. We use the Hierarchical
Equations of Motion (HEOM) [6–9] as a non-perturbative
description of both the phonon bath and photon radia-
tion. We further introduce a decay channel, which defines
an observation window for the induced exciton dynam-
ics. The Drude-Lorentz spectral density assumed by the
HEOM differs from the black-body spectrum; however, in
contrast to the classical approach, the HEOM correctly
describes temperature effects and all the relevant quan-
2tum effects and allows us to examine the dependence of
the induced dynamics on the coherence of the radiation
field.
In the first part, we analyze the dynamics of a closed
system pumped by incoherent light. The amount of dy-
namical coherence (i.e, the amplitude of oscillations) gen-
erated under sunlight pumping is constant, inversely pro-
portional to the exciton energy gap, but decreases if nor-
malized by the linearly growing exciton populations. We
analyze the amount of dynamic coherence for different co-
herence times of the radiation and show that for very in-
coherent radiation, which is the case relevant for the nat-
ural sunlight, the white-noise model (WNM) provides a
reliable description of the optical excitation. Open quan-
tum systems allow the additional dephasing mechanism,
which depends on the detailed properties of the system-
bath coupling. Our analysis of the closed system aims to
demonstrate that the presence of dynamical coherence
is not excluded by the fact that solar light is incoher-
ent, provided the additional dephasing of the electronic
coherence from the phonon bath is sufficiently slow, as
observed in many biological systems. Further analysis of
the open system reveals the phonon-induced static co-
herence, which appears as the long time limit after the
dynamic coherence is suppressed by the phonon noise.
In the second part, we include a decay channel which
sets a time-scale for experimental observation on the indi-
vidual molecule level. Physically, the decay channel can
be interpreted as trapping at the reaction center, fluores-
cence emission, or non-radiative decay [10, 11]. The den-
sity matrix formalism is a general tool to evaluate exper-
imental results in the framework of dissipative quantum
dynamics. However, it does not necessarily tell us about
the state of individual molecules, which is an issue closely
related to the measurement problem in single molecule
experiments. The statistical interpretation of the den-
sity matrix formalism offers a mechanism in which the
pure quantum state of individual molecules can survive
for long times, and the observed loss of coherence is at-
tributed to ensemble averaging or time averaging, which
results in cancelation of phase coherence in states with
different quantum phases. This type of decoherence of-
ten applies to dynamical coherence. In contrast, because
of the coupling to phonons, the coherence is lost even on
the level of individual molecules after the trace over the
bath is performed. This type of decoherence mainly ap-
plies to static coherence. We cannot differentiate these
two types of coherence based on the density matrix de-
scription but can distinct them on the single molecule
level, which will be further discussed in a future publi-
cation. For example, in ensemble measurements, there
is not a particular event to set time zero in our exper-
iment, and one thus has to be careful about the initial
condition [11]. We try to avoid these interpretational is-
sues by introducing a decay channel, which introduces a
natural time-scale for energy transfer and establish the
non-equilibrium steady state. Then, the contribution of
light-induced dynamical coherence to light-harvesting en-
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FIG. 1: Schematic V-type model with two excited states and
the common ground state, which are coupled with the radia-
tion field of the sunlight, with independent phonon baths, and
with a decay rate k to the ground state. The excited states
are coupled by a resonance constant J .
ergy transfer is determined by the ratio of the dephasing
time and decay time, and may not play a dominant role
in light-harvesting systems, such as FMO or LH2.
II. MODEL AND METHODS
A. Molecular Dimer System
The system of interest is a molecular dimer in contact
with sunlight and two independent phonon baths, which
represent both vibrational DOF of the molecules and the
nuclear DOF of the surrounding environment (see Fig. 1).
This model captures the essential physics of delocalized
exciton states and coherent exciton dynamics relevant for
light-harvesting systems.
The molecular dimer system has been extensively stud-
ied in quantum information, quantum optics, and Fo¨rster
energy transfer theory [9]. Each molecule, denoted by
an index i ∈ {1, 2}, is either in its electronic ground
state |gi〉 or its electronic excited states |ei〉 (i.e., ex-
citons). For convenience, we introduce the composite
states |g¯〉 = |g1〉|g2〉, |e¯1〉 = |e1〉|g2〉, |e¯2〉 = |g1〉|e2〉 and
|f¯〉 = |e1〉|e2〉. We remove the |f¯〉-state from our model
since its influence is negligible due to its high energy.
Then, the molecular dimer can be described by the sys-
tem Hamiltonian
HˆS =

ǫ1 J 0J ǫ2 0
0 0 ǫg

 (1)
where the energies of states |e¯1〉, |e¯2〉, |g¯〉 are denoted ǫ1,
ǫ2, ǫg, respectively. The symbol J denotes the exciton
resonance-coupling. The two-level-system Hamiltonian
in the excited state manifold can be diagonalized in the
excitonic basis consisting of |e¯+〉 and |e¯−〉. Throughout
this paper, we use the subscripts {1, 2} to denote the
molecular (local) basis and subscripts {+,−} to denote
the excitonic basis, and consider the off-diagonal matrix
element ρ+− in the excitonic basis as a measure of co-
herence. The typical parameters for light-harvesting sys-
tems are ǫ1 = 9900 cm
−1, ǫ2 = 10000 cm
−1, ǫg = 0, and
J = 50 cm−1. For a closed system, the physical pictures
3for arbitrary J are equivalent. Hence, we can simply take
J = 0 for convenience, without losing any generality
The light-matter interaction between the molecular
dimer and the radiation field occurs via the dipole cou-
pling, given by
HˆS−R = −µˆ⊗Eˆ (2)
= −
∑
v=1,2
[µv|e¯v〉〈g¯|+H.c.]⊗Eˆ
where µˆ is the total transition dipole operator of the
dimer, and Eˆ is the radiation field, which are briefly
discussed in the Appendix A. In order to simplify the
formulation and unify the formalism with the phonon
baths, we rewrite the light-matter interaction term as
HˆS−R = KˆR⊗VˆR, where KˆR = µˆ/µ and VˆR = −µEˆ.
The constant µ = 12
√
Tr µˆ · µˆ denotes the magnitude of
the total dipole moment. The information about the
electric field strength and the magnitude of the dipole
moment is now incorporated into VˆR and enters through
the radiation reorganization energy λR introduced later.
For simplicity, dipoles are oriented in the direction of the
radiation field so that the scalar form of the dipole inter-
action is adopted. The sunlight consists of photons, so
its radiation field Eˆ or VˆR is treated as a photon bath,
which is fully characterized by the energy gap correlation
function (EGCF)
CR(t) = 〈VˆR(t)VˆR(0)〉. (3)
The time-dependence of VˆR(t) denotes the interaction
picture with respect to the radiation field. We use the
over-damped harmonic bath EGCF [12], i.e., the Drude-
Lorentz spectral density, which is paramertized by the
radiation temperature TR = 6000 K, cutoff frequency
γR = 0.1 fs − 1 fs−1) and reorganization energy λR (see
Appendix A). In the weak excitation regime, the excited
state density matrix is proportional to λR, which can
now be taken a normalization constant and needs not be
specified. As this point, we have introduced the system
Hamiltonian HˆS and radiation-system interaction Hamil-
tonian HˆS−R, and thus have completely defined a closed
dimer system pumped by sunlight.
Light-harvesting complexes are embedded in the pro-
tein environment and therefore are open systems coupled
to phonon baths. This coupling destroys the dynamic co-
herence and is described as [13, 14]
HˆS−B = Vˆ1|e¯1〉〈e¯1|+ Vˆ2|e¯2〉〈e¯2| (4)
where Vˆn is the interaction strength between the molecule
and its phonon bath. Similar to the photon bath, we use
the Drude-Lorentz phonon spectral density and define
the EGCF as
Cn(t) = 〈Vˆn(t)Vˆn(0)〉, (5)
where Vˆn(t) is a linear function of phonon operators ex-
pressed in the interaction picture with respect to the
phonon bath. For simplicity, the phonon baths cou-
pled to the two molecules share the same parameters:
T1 = T2 = 300 K, γ1 = γ2 = 100 cm
−1, and λ1 = λ2 in
the range of 10 cm−1 − 100 cm−1.
To calculate photon-coupling and phonon-coupling, we
use the hierarchical equation of motion (HEOM), which
are developed for the Debye-Lorentz spectral density. De-
tails of HEOM can be found in the Appendix B. Because
of the high-temperature and extremely short coherence
time of the sunlight, the white noise description of the
excitation by solar radiation is reliable, where the radia-
tion field is treated classically. Hence, in absence of the
exciton-phonon interaction, we have derived an analyti-
cal solution based on the Haken-Strobl model [15–17] to
describe the pumping by the sunlight. We present this
white-noise model (WNM) in the following.
B. White Noise Model
The full quantum treatment of the incoherent light in
the form of HEOM is computationally expensive. If the
coherence time of the solar radiation is shorter than all
other time-scales of the system dynamics, including the
resonance coupling, the phonon bath time-scale, and the
dephasing time, which is typical in photosynthesis, then
the white-noise model (WNM) should be well applicable
for the description of the radiation. In this model, the
energy gap correlation function (EGCF) is expressed in
the form
CR(t) = IRδ(t) , (6)
where IR is a parameter representing coupling of the elec-
tric field to the given exciton transition. The quantum
dynamics under this classical white noise is known as the
Haken-Strobl model, which is exactly solvable in some
cases, including the V-shape three-level system with a
trap (see [16]). We can generalize the classical noise to
quantum noise by evaluating the Redfield pumping rates
given as
IR+ =
2γRλRε+(coth(βRε+/2)− 1)
γ2R + (ε+/~)
2
, (7a)
IR− =
2γRλRε−(coth(βRε−/2)− 1)
γ2R + (ε−/~)
2
, (7b)
where εi (i = ±) denote eigenstate energies and βR =
1/(kbTR). In the weak field regime, I
R ≪ k, the pumping
creates no more than one excitation at any given time
such that ρg¯g¯ ≈ 1. Then, the solution to the WNM is
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FIG. 2: Dynamics of a molecular dimer with parameters J =
0, ǫ1 = 9900 cm
−1, ǫ2 = 10000 cm
−1 pumped by weak radia-
tion characterized by parameters TR = 6000 K, γR = 0.2 fs
−1
according to the HEOM and WNM respectively. Populations
(full lines) and real part of the coherence (dashed lines) are
plotted. Apart from the transient effects at short time shown
in the inset, both models give similar results.
explicitly written as
ρ++(t) =
µ2+I
R
+
kµ2
(1− e−kt) , (8a)
ρ−−(t) =
µ2−I
R
−
kµ2
(1− e−kt) , (8b)
ρ+−(t) =
µ+µ−
µ2
(IR+ + I
R
− )/2
k + i
~
(ε+ − ε−)
(1 − e− i~ (ε+−ε−)t−kt) .
(8c)
where all parameters are given in the excitonic basis. As
long as the decay rates from the two molecules are iden-
tical and the dimer system is not coupled to any phonon
bath, the above solution retains the same functional form
for arbitrary inter-site coupling J . This is exactly the
reason that the local and excitonic basis sets are equiv-
alent for a closed system and the excitonic coupling J
does not change the physics. The detail derivation can
be obtained in the Appendix C.
III. RESULTS AND DISCUSSIONS
A. Excitonic Coherence in Closed Systems
Without a distinct physical process to set the initial
time t0 as the starting point of the dynamics of natural
light excitation, we should, strictly speaking, only an-
alyze the long time steady-states of the density matrix.
We cannot speak about a “precise photon arrival time” if
there is no particular initiation process [18], and thus the
interpretation of such induced dynamics is not straight-
forward. We can, however, obtain practical information
about the system from its dynamics. There is, as we will
show later, also a direct link between the dynamics ini-
tiated by an ultrashort pulse and the steady-state distri-
bution in the weak field limit. In this section, we present
results based on the assumption that the dynamics of the
dimer under pumping by weak incoherent light starts in
the electronic ground state with no initial entanglement
with the radiation field or the phonon bath.
First, in Fig. 2 we compare the full HEOM model and
the WNM for a closed system without coupling to the
phonon bath or decay to the ground state. The choice
J = 0 is special, but the result is equally valid for any
closed systems with J 6= 0. The more general case of
open systems will be examined later. Both excited states
have equal dipole moments with identical orientations,
and the difference in pumping rates is due to the differ-
ence in the transition frequency. The radiation field is
specified with a temperature TR = 6000 K and cutoff
frequency γR = 0.2 fs
−1. We work in the limit of weak
radiation electric field λR ≈ 0, where the white noise
model (WNM) is valid, provided the coherence time of
the radiation field is sufficiently short. For weak fields,
both the electric field intensity and the transition dipole
strength are included in the reorganization energy of the
radiation, λR, and thus to first order the density matrix
elements grow linearly in time proportional to λR.
Fig. 2 compares the HEOM and WNM models. As dis-
cussed above, for a closed system, the populations grow
linearly in time, while the coherence oscillates with a con-
stant amplitude inversely proportional to the energy gap.
One should therefore expect more dynamical coherence
to be generated for small energy gaps. This dependence
can be easily understood in the framework of perturba-
tion theory, where to leading order every molecule in-
teracts with the field only once. Thus the only term
originating from population excitation is µˆ(τ)|g¯〉〈g¯|µˆ(τ ′),
where τ and τ ′ are the times of excitation of the right
and left wave-functions and µˆ(τ) is the dipole moment
operator in the Heisenberg picture. Since the radiation
field is δ-correlated, τ ′ = τ , we can describe the molecules
excited at times tn as an ensemble of wave-functions in
the excitonic basis
|Ψn〉 =
[
µ+|e¯+〉e− i~ ǫ+(n−1)∆t + µ−|e¯−〉e− i~ ǫ−(n−1)∆t
]
eiϕn ,
(9)
where ϕn represents the random global phase obtained
from the incoherent light and ∆t is the discretization time
step. Coupled to the same radiation field, the excited
states are coherent with each other. We can write the
5TABLE I: Pumping rates p+ and p− in units of the reorganization energy according to the HEOM and WNM models for
a closed system pumped by incoherent light. Parameters of the system are described in the caption of Fig. 2. The small
differences may be explained by the Markov approximation.
pumping rate HEOM WNM
p+/λR 8.25 · 10
−6 cm fs−1 8.20 · 10−6 cm fs−1
p−/λR 7.91 · 10
−6 cm fs−1 7.91 · 10−6 cm fs−1
total coherence averaged over all random phases as
ρ+− =
t/∆t∑
n=1
1
(2π)n
∫ 2π
0
dϕ1 . . .
∫ 2π
0
dϕn〈e¯+|Ψn〉〈Ψn|e¯−〉
=
t/∆t∑
n=1
µ+µ
∗
−e
− i
~
(ǫ+−ǫ−)(n−1)∆t = i~µ+µ
∗
−
e−
i
~
ǫt − 1
ǫ
.
(10)
which is inversely proportional to the energy gap ǫ = ǫ+−
ǫ−. This is a general expression for arbitrary coupling J .
The same result can be obtained from the decoherence
theory, where one simply replace the random phases in
Eq. (9) with the states entangled with the radiation field
and the integrals over random phases are then replaced
by the trace over the radiation field. A similar result was
also obtained independently by the Brumer group.[19]
As can be seen in the insert of Fig. 2, the difference
between the HEOM andWNMmodels are the small tran-
sient dynamics upon excitation, resulting in a slight off-
set in the populations and a phase shift in the coherence.
Otherwise, the overall agreement between the two mod-
els is excellent. Table 1 quantifies the pumping rates
predicted by both models. In the weak field regime, the
HEOM result should reproduce the Redfield rate.
Further, we study the dependence on the coherence
time of the radiation, τR = 1/γR. The agreement be-
tween HEOM and WNM deteriorates with the increase
of the light coherence time, τR. To quantify this differ-
ence, we use two quantities that can easily be extracted
from the exciton dynamics: The maximum of the oscil-
lating coherence ρ+− (or ρ−+), taken after the transient
dynamics, and the pumping rates p+ and p−, defined as
the derivatives of the linearly growing populations ρ++(t)
and ρ−−(t). We compare the two quantities for two radi-
ation temperatures of TR = 6000 K and TR = 100, 000 K.
The latter conveniently represents the classical limit at
high temperatures. As can be seen in Fig. 3, all mod-
els match well at short coherence time, τlight = 5 fs, but
with a gradual increase of the coherence time, the WNM
model underestimates the amount of coherence present
in the system, particularly for the temperature 6000 K.
While the WNM captures the pumping rates well, the
predicted coherence term converges to zero instead of a
constant for long coherence time τlight.
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FIG. 3: Comparison between the HEOM and WNM mod-
els in the weak radiation regime for gradually increasing co-
herence time of the sunlight at the radiation temperature of
TR = 6000 K or TR = 100, 000 K. Fig. (a) shows the maximal
amplitude of the steady state coherence ρ−+(t) extracted at
long times with γR = 0.2 fs
−1. Fig. (b) shows the dependence
of the pumping rate p+ on the coherence time of the radia-
tion field, τR. The pumping rate p2 is almost the same as p−
and is not plotted. Fig. (c) shows the normalized coherence
max{ρ−+(t)}/(p+ + p−), which is independent of the radia-
tion intensity for weak fields. The other parameters are given
by J = 0, ǫ1 = 9900 cm
−1 and ǫ2 = 10000 cm
−1.
B. Excitonic Coherence in Open Systems
The systems relevant in the primary processes of pho-
tosynthesis are open systems, so here we investigate the
excitonic dynamics of open systems under pumping by
incoherent light in the HEOM model. Unlike in the pre-
vious discussion of closed systems, the choice J = 0
would be a special case and is no longer assumed; in-
stead, J = 50 cm−1 is used. The radiation field has the
temperature of TR = 6000 K and a coherence time of
τlight = 10 fs. The coupling to the electromagnetic field
is assumed to be weak such that the density matrix can
be normalized by the reorganization energy of the radia-
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FIG. 4: Dynamics of an open dimer system described in
Results and Discussion section. Fig. (a) shows the population
and the real part of the coherence for λ = 0, λ = 10 cm−1
and λ = 150 cm−1 in black, red and blue lines. Fig. (b)
shows the population and the coherence normalized by the
sum of populations of single-excited states, i.e., the relative
coherence within the manifold of single-excitedstates.
tion field, λR. The dipole moments are parallel and have
relative strengths of µ1/µ = 0.60 and µ2/µ = 1.28 in the
local basis. The phonon baths are uncorrelated between
the two sites, and have the same reorganization energy
λ = λ1 = λ2, temperature T1 = T2 = 300 K, and cutoff
frequency γ1 = γ2 = 100 cm
−1. Fig. 4 gives the time
evolution of the exciton populations and coherence for
three values of the phonon bath reorganization energies,
λ = 0 (closed system), λ = 10 cm−1 and λ = 150 cm−1,
respectively. For comparison, the same dynamics is nor-
malized by the sum of excited state populations, which
better demonstrates the relative coherence between the
excited states.
We can make several observations about the exciton
dynamics. For the closed system, the ratio of the pop-
ulations is given solely by the couplings of the states to
the electromagnetic field. In the presence of the phonon
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FIG. 5: Dependence of the dimer system’s non-equilibrium
steady-state on the decay rate k. The system parameters are
J = 50 cm−1, ǫ1 = 9900 cm
−1, ǫ2 = 10000 cm
−1, and the
effective temperature of the radiation field is TR = 6000 K.
The HEOM results for γR = 0.1 fs
−1 and γR = 1 fs
−1 are
shown with circle symbols and square symbols, respectively.
The theoretical WNM result given by Eq. (11) is shown in
full lines. Fig. (a) shows the results without coupling to a
phonon bath. Fig. (b) shows the results with coupling to a
phonon bath for which λ1 = λ2 = 100 cm
−1, γ1 = γ2 =
100 fs and temperature T1 = T2 = 300 K. Changing k scans
the system dynamics: for fast k, the system approaches a
pure state µˆ|g¯〉〈g¯|µˆ; for slow k, the system steady-state is
given by the phonon bath thermal state Eq. (12) without
pumping, including the small amount of coherence due to bath
redefinition of the basis. The steady states between these two
extremes are closely related to the dynamics under no light
pumping initiated with a δ-pulse through Eq. (11).
bath, this ratio is given by the coupling to the radiation
at short times, which corresponds to the state µˆ|g¯〉〈g¯|µˆ,
and gradually approaches the reduced thermal equilib-
rium, i.e., the static coherence, which is determined by
the coupling to the phonon bath, ρeq = limt→∞ ρ(t). To
understand the effect, we can again invoke the ensemble
picture discussed in the previous section and the descrip-
tion of second-order interactions with the radiation field.
There is always a portion of molecules that were excited
7only recently and their state is very close to the pure
quantum state µˆ|g¯〉〈g¯|µˆ with population ratios given by
their coupling to the radiation. Every molecule, however,
reaches the thermal equilibrium state determined by the
phonon bath after a certain time, and the portion of such
molecules grows linearly, which explains the behavior of
the trace-normalized excited state manifold (Fig. 4(b) in
the short and long time limits. The decay time of the
coherence depends weakly on the phonon bath reorga-
nization energy. However, in comparison to the closed
system, even weak coupling to the phonon bath damps
the oscillations observed in the coherence and give rise
to a continuously decaying non-oscillatory coherence. At
long times, the coherence does not decay to zero, as in an
isolated system, but approaches a constant plateau. The
non-vanishing plateau value of the coherence arises from
the entanglement with the phonon bath, and this static
coherence cannot be captured by the WNM [20].
C. Steady-State Distribution with Population
Decay
Whether one should describe a sample of continuously
excited molecules as an ensemble composed of molecules
undergoing coherent dynamics, or adopt the point of view
of decoherence theory, where every individually-excited
molecule loses coherence through its entanglement with
the radiation and phonon baths, is still an open ques-
tion. Here, we establish a relationship between the non-
equilibrium steady-state of the exciton system in the
presence of a decay rate k and the dynamics initiated
by a coherent short pulse, which is usually probed by
ultrafast nonlinear spectroscopy experiments.
Following the ensemble description of the dephasing
dynamics, Eq. (9), we can write the steady-state of the
excited molecules as
ρsteady ≈
∫ ∞
0
dτ e−kτU(τ)µˆ|g¯〉〈g¯|µˆ , (11)
where U(t) is the radiation free evolution super-operator,
representing the dissipative dynamics resulting from the
coupling to the phonon bath alone. Eq. (11) is exact for
the δ-correlated sunlight for which γR → ∞. In other
words, for strongly incoherent light, we can decompose
the long time steady-state of the system into an ensem-
ble of molecules excited by a δ-pulse at different times,
weighted by the survival probability determined by the
relaxation to the ground state. Whether or not such a
decomposition is truly physical, Eq. (11) shows a direct
relationship between ultrafast coherent dynamics and the
steady-state under pumping by incoherent light. The de-
cay ate k is a natural timescale to be compared with the
lifetime of electronic coherence. The coherent dynamics
only manifests in the steady state if the timescale for the
decay to the ground state is comparable to the lifetime
of dynamic coherence.
To demonstrate this connection, we study the depen-
dence of the steady-state on the decay rate k. Cal-
culations are performed by the HEOM on a molecular
dimer with parameters J = 50 cm−1, ǫ1 = 9900 cm
−1,
ǫ2 = 10000 cm
−1, pumped by weak light with tempera-
ture T = 6000 K and γR = 0.1 fs
−1. Two cases are stud-
ied: a closed system with no phonon bath and an open
system with uncorrelated phonon baths. Fig. 5 shows
the dependence of the system steady-state on the decay
rate k. Here, the trace of the density matrix on the ex-
cited state manifold is normalized. For a closed system
(Fig. 5(a), we observe a gradual transition from the pure
state µˆ|g¯〉〈g¯|µˆ for fast k, which corresponds to a δ-pulse
excitation, to the diagonal part of µˆ|g¯〉〈g¯|µˆ for slow k.
In the presence of a phonon bath (Fig. 5(b)), the same
transition happens between the state µˆ|g¯〉〈g¯|µˆ for fast k
and the thermal equilibrium state of the system under
no pumping
ρeq = lim
t→∞
U(t)µˆ|g¯〉〈g¯|µˆ (12)
for slow k. The reduced equilibrium distribution of the
system is not canonical because of the coupling to the
phonon bath and can be obtained directly by stochastic
path integral simulations or polaron transformation [20].
The steady state dependence shown in Fig. 5(b) is more
complicated in comparison with the closed system shown
in Fig. 5(a). If we compare the steady-state dependence
with the result given by Eq. (11) for perfectly white noise,
there are detectable differences from the HEOM result
with τR = 10 fs, but these differences disappear for τR =
1 fs.
Although it is difficult to tune the decay rate k experi-
mentally, there is a close connection between the dynam-
ics initiated by a δ-pulse and the dynamics induced by
natural sunlight. Since the reduced density matrix con-
tains all the information about the measurements per-
formed on the system, the excitonic coherence can have
an effect on the energy transfer only if the light-induced
coherent dynamics affects the steady state through Eq.
(11). For this reason, if the excitonic coherence probed
by 2DES spectroscopy plays a significant role in energy
transfer, it will be relevant only in situations, where the
decoherence lifetime is sufficiently long compared to the
decay rate in the system. Although the decoherence life-
time in photosynthetic systems can be as high as several
picoseconds [2, 21], this time-scale may not exceed the
decay lifetime to the reaction center, which is approxi-
mately 50 ps [22–24] in many species of photosynthetic
bacteria. For this reason, enhancement of the energy
transfer by the dynamical coherence induced by sunlight
may not be a dominant effect. In contrast, the spatial,
static coherence due to quantum delocalization has a per-
sistent effect on energy transfer efficiency (e.g. LH2) and
robustness (e.g. FMO), and this effect is independent of
light-induced coherence.
8IV. CONCLUSIONS
Our results demonstrate that the incoherent nature of
sunlight excitation does not exclude transient coherence
in the light-induced exciton dynamics but this dynam-
ical coherence may not play a dominant role in light-
harvesting energy transfer which is governed by static
coherence resulting from the coupling to phonons.
• For a realistic light-harvesting system, the excitonic
coherence is dynamical at short times, but becomes
static at long times, which corresponds to the delo-
calization of states. The amount of dynamical co-
herence of a closed system is inversely proportional
to the excitonic energy gap, and depends the cou-
pling to the phonon bath.
• The decay to the ground state establishes a non-
equilibrium steady state and defines an observation
window for the induced exciton dynamics. Under
the influence of the phonon bath, as the decay time
increases, the steady state population distribution
changes from photon-induced to phonon-induced,
and the steady state coherence changes from dy-
namical to static. In the fast decay rate limit,
the amount of steady coherence corresponds to the
dynamical coherence and increases with the decay
rate. whereas the slow-decay limit of the coherence
is exactly the reduced equilibrium distribution.
• The contribution of the dynamical coherence to the
system steady-state depends critically on the ratio
of the lifetime of the dynamical coherence and the
decay rate to the ground state. For photosynthetic
light-harvesting systems, the light-induced dynam-
ics lasts for hundreds of femtoseconds, whereas the
observed energy trapping occurs on tens of picosec-
onds; therefore the light-induced coherence is dis-
sipated on the trapping time-scale and is generally
not a major factor consideration in efficiency light-
harvesting energy transfer.
• Theoretically, the proposed white-noise model
(WNM) with Redfield rates provides a reliable de-
scription of the excitation dynamics. As a result,
the short coherence time of sunlight enables us to
establish a simple connection between the dynam-
ics excited by an ultra-short laser pulse as probed
by 2DES spectroscopy and the steady-state of the
excitonic system under pumping.
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Appendix A: Quantum description of the sunlight
To ensure generality of the results, we use a fully quan-
tum description of the radiation. The radiation bath and
system-bath interactions are in the Schro¨dinger picture
defined as [26]
HˆR =
∑
σk
~ωk
(
bˆ†σkbˆσk +
1
2
)
, (A1)
HˆS−R = −
∑
m∈{x,y,z}
Eˆm⊗µˆm . (A2)
They are expressed in terms of photon creation (annihi-
lation) operators bˆ†σk (bˆσk) for different wave-vectors k,
polarizations σ and frequencies ωk. The interaction term
in the dipole approximation couples the system and ra-
diation field. The coupling to the system is through the
m-th spatial component of the total dipole-moment op-
erator µˆm. The radiation field part is described by
Eˆm = i
∑
k
Nkε
km
(
bˆmk − bˆ†mk
)
. (A3)
The polarization vectors εkm are orthogonal to k and
to each other. The field is quantized in a box of a size
L and the limit L → ∞ is to be performed at the end
of our calculations [26]. In SI units, this corresponds to
normalization constants
Nk =
√
~ωk
2L3ǫ0
, (A4)
where ǫ0 denotes the vacuum permittivity.
In order to express the equations in an unified way, we
rewrite Eq. (A2) as
HˆS−R =
∑
m∈{x,y,z}
VˆRm⊗KˆRm (A5)
where KˆRm = µˆm/µm and VˆRm = −µmEˆm. The con-
stant µm =
1
2
√
Tr µˆm · µˆm denotes the magnitude of the
m-th component of the dipole moment. The informa-
tion about the electric field strength and the magnitude
of the dipole moment is kept in the bath operators VˆRm
and enters through the radiation reorganization energy
λR, while the system operators KˆRm hold the dimension-
less matrix structure of the dipole moments. In order to
lower the computational cost, we choose both molecules
to have parallel dipole moments, which allows us to use
only one bath (KˆR, VˆR) and avoid the orientational aver-
aging. However, the essential physics will not be changed.
9We drop the coordinate index m for the total dipole mo-
ment operator µˆ and we assume that it is taken along
the axis of the dipole moment. In the manuscript, we
use quantities µ and Eˆ instead of µm and Eˆm.
Appendix B: Hierarchical Equations of Motion
In order to describe the solar light and phonon baths
quantum mechanically, we use the Hierarchical Equations
of Motion as [6]
˙ˆρnαk(t) = −
(
iHˆ×S +
∑
α
M∑
k=0
nαkναk
)
ρˆnαk(t)
−
∑
α
(
2λα
βαγα
− iλα −
M∑
k=0
cαk
ναk
)
Kˆ×α Kˆ
×
α ρˆ
nαk(t)
− i
∑
α
M∑
k=0
Kˆ×α ρˆ
n+
αk(t)
− i
∑
α
M∑
k=0
nαk
(
cαkKˆαρˆ
n−
αk(t)− c∗αkρˆn
−
αk(t)Kˆα
)
(B1)
written in the standard notation [8]. HEOM introduces
an infinite set of operators ρˆnαk(t) numbered by a multi-
index nαk to represent entanglement with the bath and
the bath memory effects. The index α ∈ {R, 1, 2} de-
notes all baths present, both radiation and phonon ones,
while the index k denotes the Matsubara frequencies
ναk = 2πk/βα included up to some maximum frequency
M . For convenience, we define να0 = γα. The standard
definition of inverse temperature βα = 1/kB/Tα is used.
Each of the integer numbers nαk can attain values from
0 to infinity, but in praxis they are truncated after a suf-
ficient number of tiers Θmax. Only operators ρˆ
nαk(t) for
which
∑
α
∑M
k=0 nαk ≤ Θmax are taken into account. We
use abbreviations n+αk = nαk + 1, n
−
αk = nαk − 1,
cαk =
4λαγk
βα
ναk
ν2αk − γ2α
, (B2)
cα0 = λαγα(cot(βαγα~/2)− i) (B3)
to make the notation more compact. The physical den-
sity matrix is the operator ρˆnαk(t) for which all nαk = 0.
The symbol Aˆ× denotes Liouville space operator (super-
operator) defined by its action on a (Hilbert space) op-
erator • as Aˆ×• = [Aˆ, •] for a given operator Aˆ.
The equations (B1) assume a Drude-Lorentz bath with
EGCF in a form
Cα(t) =~cα0 exp(−γαt) +
∞∑
k=1
cαk exp (−ναkt) , (B4)
where α ∈ {R, 1, 2}.
The computational cost of the full form of the equa-
tions (B1) is extremely high, especially at low tem-
perature. To deal with this difficulty, a hybrid ver-
sion, i.e., the stochastic-HEOM, has been developed to
simulate low-temperature dynamics, and various high-
temperature approximations have been successfully used
[7, 9, 25], effectively reducing the number of included
Matsubara frequencies to zero (M = 0) or approximating
the first Matsubara frequency without further computa-
tional costs [7]. These approximations need two condi-
tions to be met: β~γ ≪ 1 and β∆ ≪ 1, where ∆ is
a characteristic energy gap of the system. In order to
describe incoherent natural light, we use a bath with a
temperature TR = 6000 K, coherence time γR ≈ 0.1 fs−1
and ∆ = 10, 000 cm−1, which gives us βR~γR ≈ 0.13 and
βR∆ ≈ 2.40. While the first criterion is well satisfied in
our calculation, the second leads to incorrect results and
Matsubara frequencies up to the second one need to be
included.
In part of presented calculations, we use HEOM (B1)
together with a decay rate k from the excited state mani-
fold to the ground state. Is such a case, the rate is applied
to all operators ρˆnαk(t) from Eq. (B1)
〈e¯u| ˙ˆρnαk(t)|e¯v〉 = 〈e¯u| ˙ˆρnαkHEOM(t)− kρˆnαk(t)|e¯v〉 , (B5a)
〈g| ˙ˆρnαk(t)|g〉 = 〈g| ˙ˆρnαkHEOM(t)|g〉
+ k
∑
u
〈e¯u|ρˆnαk(t)|e¯u〉 . (B5b)
Here, ˙ˆρnαkHEOM(t) denotes the reduced density matrix
derivative calculated from the Eq. (B1). We refer to this
set of equations as the HEOM with rate.
Appendix C: Stochastic wavefunction solution:
White noise model
In this paper, a ground state and two single-excited
states of a molecular dimer are modeled as a three-level
system, given by
HˆS =
∑
v=1,2
ǫv|e¯v〉〈e¯v|+ ǫg|g¯〉〈g¯|+ J(|e¯1〉〈e¯2|+H.c.),
(C1)
where ǫv (v = 1, 2, g) is the site energy of the exciton for
the local state |e¯v〉 and the ground state |g¯〉, and J is the
resonance coupling between states |e¯1〉 and |e¯2〉. Without
loss of generality, we set the ground state energy ǫg = 0
as the energy reference.
Under excitation by natural sunlight, the system in-
teracts with the radiation field via the dipole coupling
as
HˆS−R = VˆR⊗KˆR = −Eˆ⊗
∑
v=1,2
[µv|e¯v〉〈g¯|+H.c.], (C2)
where the exciton dipole moment is described as KˆR =∑
v=1,2(
µv
µ |e¯v〉〈g¯|+H.c.), with the magnitude of the col-
lective dipole moment defined as µ =
√
µ21 + µ
2
2. The
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re-weighted radiation field is given by VˆR = −µEˆ, where
Eˆ is the photon field. Practically, the radiation field
can be characterized by the so-called energy gap corre-
lation function CR(t) = 〈VˆR(t)VˆR(0)〉, where the time-
dependence in VˆR(t) denotes the interaction picture.
Moreover, we also include the decay processes from the
excited state to the ground state in this study. This rep-
resents e.g. the exciton trapping by the reaction-center
in the light-harvesting complexes.
If the exciton-photon dipole coupling is sufficiently
weak and the temperature of the radiation field is high,
we can represent the radiation field stochastically. Then,
the dipole interaction simplifies to HˆS−R = ξKˆR, where
ξ is the stochastic field. If we define the wavefunction of
the exciton as |ψ(t)〉 = C1(t)|e¯1〉 + C2(t)|e¯2〉 + Cg(t)|g¯〉,
the equation of motion under the stochastic field can be
shown to be
dC1(t)
dt
= −iJ
~
C2(t)− (i ǫ1
~
+
κ
2
)C1(t)− iξ1Cg(t)
dC2(t)
dt
= −iJ
~
C1(t)− (i ǫ2
~
+
κ
2
)C2(t)− iξ2Cg(t),
(C3)
with the radiation field ξv =
µv
µ ξ, and the decay rate κ.
In the weak-field limit Cg(t)≈1, the Eq. (C3) reduces to
dC1(t)
dt
= −iJ
~
C2(t)− (i ǫ1
~
+
κ
2
)C1(t)− iξ1 (C4)
dC2(t)
dt
= −iJ
~
C1(t)− (i ǫ2
~
+
κ
2
)C2(t)− iξ2.
By using the Laplace transformation, the wavefunc-
tion coefficients and the radiation field are changed to
Cv(z) =
∫∞
0 e
−ztCv(t)dt and ξv(z) =
∫∞
0 e
−ztξv(t)dt, re-
spectively. The equation of motion in the Laplace picture
is described as(
z + κ2 + i
ǫ1
~
iJ
~
iJ
~
z + κ2 + i
ǫ2
~
)(
C1(z)
C2(z)
)
= −i
(
ξ1(z)
ξ2(z)
)
.
(C5)
The Hamiltonian HˆS can be diagonalized by transfor-
mation into the excitonic basis. Through the transfer
matrix Sˆ, it is obtained by SˆHˆSSˆ
† =
∑
v=± ǫv|e¯v〉〈e¯v|,
with ǫ± the eigen-energy, and |e¯±〉 the corresponding ex-
citonic states. Then, the equation of motion at Eq. (C5)
is transformed to(
z + κ2 + i
ǫ+
~
0
0 z + κ2 + i
ǫ−
~
)(
C+(z)
C−(z)
)
= −i
(
ξ+(z)
ξ−(z)
)
(C6)
where the coefficients and the radiation field be-
tween the local basis and the excitonic basis are con-
nected by [C+(z), C−(z)]
T = Sˆ[C1(z), C2(z)]
T and
[ξ+(z), ξ−(z)]
T = Sˆ[ξ1(z), ξ2(z)]
T , respectively. As a re-
sult, the expression of the time dependent coefficients at
Eq. (C6) in the excitonic basis are given by
C+(t) = −i
∫ t
0
e−(
κ
2
+iǫ+/~)(t−τ)ξ+(τ)dτ, (C7)
C−(t) = −i
∫ t
0
e−(
κ
2
+iǫ−/~)(t−τ)ξ−(τ)dτ,
with ξv(τ) =
µv
µ VR(τ) (v = ±), which can be char-
acterized by the correlation function as 〈ξv(t)ξv′ (0)〉 =
µvµv′
µ2 CR(t). Hence, the population ρvv(t) =
〈C∗v (t)Cv(t)〉 at the eigen-state |e¯v〉 (v = ±) is expressed
as
ρvv(t) =
∫ t
0
dτ1e
−(κ
2
−iǫv/~)(t−τ1) (C8)
×
∫ t
0
dτ2e
−(κ
2
+iǫv/~)(t−τ2)〈ξv(τ1)ξv(τ2)〉.
The coherence ρ+−(t) = 〈C∗−(t)C+(t)〉 is given by
ρ+−(t) =
∫ t
0
dτ1e
−(κ
2
−iǫ−/~)(t−τ1) (C9)
×
∫ t
0
dτ2e
−(κ
2
+iǫ+/~)(t−τ2)〈ξ−(τ1)ξ+(τ2)〉.
It should be noted that this is the general solution,
which does not rely on the detailed information of corre-
lation function for the radiation field. The only prerequi-
site condition is the weak-field limit. In the following, we
consider the δ-function noise, which is the simplest case
of the radiation field.
1. δ-function noise
If the coherence time of the radiation field is suffici-
tently short, the field can be considered to be Gaussian,
with the corresponding correlation function specified by
CR(t) = I
Rδ(t), as shown in Eq. (6). Such model is often
called white noise model, or the Haken-Strobl model in
the weak field limit. Straightforwardly, the populations
at states |e¯+〉 and |e¯−〉 are given by
ρ++(t) =
µ2+I
R
+
µ2κ
(1− e−κt), (C10)
ρ−−(t) =
µ2−I
R
−
µ2κ
(1− e−κt), (C11)
with the radiation field pumping rates IR+ = I
R and IR− =
IR. The coherence term is given by
ρ+−(t) =
µ+µ−(I
R
+ + I
R
− )/2
µ2(κ+ iǫ/~)
(1− e−(κ+iǫ/~)t), (C12)
with ǫ = ǫ+ − ǫ−. From the results for the populations
and the coherence, it is found that the functional ex-
pression of them will keep the same, which implies that
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the physical picture is unchanged for arbitrary inter-site
coupling J .
In absence of the decay process (κ→0), the excitation
is accumulated under the incoherent photon pumping.
As a result, the populations exhibit linear increase of the
time. On the other hand, the coherence shows Rabi os-
cillations with finite amplitude due to the existence of
the energy gap. Hence, after a long time evolution (still
in the weak-field limit), the coherence becomes negligi-
ble compared to the populations. However, if the decay
process is tuned on, both the population and coherence
terms will approach the steady state, and the static co-
herence occurs naturally.
2. Pumping rates from quantized radiation field
The above analysis of the dynamics for the three
level molecular dimer system is based on the classical
white noise, which is also known as the Haken-Strobl-
Reineker Model. The classical radiation field can be con-
nected with the theory with general quantum light by
evaluating the Redfield pumping rates. Specifically, we
write the exciton-photon interaction Hamiltonian HˆS−R,
Eqs. (2,A2), in the interaction picture and the excitonic
basis as
HˆS−R(t) = [
µ+
µ
eiǫ+t/~|e¯+〉〈g¯|+ µ−
µ
eiǫ−t/~|e¯−〉〈g¯|+H.c.]
⊗VˆR(t). (C13)
We rewrite the radiation field quantization, Eq. (A3),
with use of operators VR as VˆR(t) =
∑
k(gke
iωktbˆ†k +
g∗ke
−iωktbˆk), with bˆ
†
k(bˆk) creation(annihilation) one pho-
ton having frequency ωk in the momentum k. The cou-
pling constants gk are given by relation gk = iµNkε
k,
where εk denotes projection of εkm in the direction of
molecular dipole moment, and Nk is the normalization
constant given at Eq. (A4). In this paper, the radi-
ation field is specified as the Drude-Lorentz spectrum
J(ω) = π
∑
k |gk|2δ(ω − ωk) = 2~λRγRω/(γ2R + ω2),
with λR the coupling strength and γR the cutoff fre-
quency. Hence, based on the second order perturbation,
the pumping rate of the first excited state is obtained by
IR+ =
∫ ∞
−∞
dτ
∑
k
|gk|2nkei(ωk−ǫ+/~)τ
=
2λRγRǫ+(coth(βRǫ+/2)− 1)
γ2R + (ǫ+/~)
2
, (C14)
with the Bose-Einstein distribution nk =
1/[exp(βR~ωk) − 1] and βR = 1/(kbTR). Similarly,
the pumping rate for the second excited state is obtained
by
IR− =
2λRγRǫ−(coth(βRǫ−/2)− 1)
γ2R + (ǫ−/~)
2
. (C15)
Moreover, the corresponding stimulating emission rate
for the relaxation process is given by Iemv =
2λRγRǫv(coth(βRǫv/2) + 1)/(γ
2
R + (ǫv/~)
2). It is found
that the pumping rate and emission rate obey the de-
tailed balance relation as IRv /I
em
v = exp(−βRǫv).
While for the pump rate of the coherence term ρ+−,
the expression is given by
IR+− =
∫ ∞
0
dτ
∑
k
|gk|2nk[ei(ωk−ǫ+/~)τ + e−i(ωk−ǫ−/~)τ ]
= (IR+ + I
R
− )/2. (C16)
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